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a viscous electrically conducting ﬂuid ﬂow over a stretching sheet in the presence of viscous dissi-
pation, Ohmic dissipation and thermal radiation. A system of governing nonlinear PDEs is con-
verted into a set of nonlinear ODEs by suitable similarity transformations. The numerical and
analytical solutions are presented for the governing non-dimensional ODEs using shooting method
and hypergeometric function respectively. The results are discussed for skin friction coefﬁcient, con-
centration ﬁeld, non-dimensional wall temperature and non-dimensional wall concentration. The
non-dimensional wall concentration increases with slip and magnetic parameters and decreases with
Schmidt number. Furthermore, comparisons are found to be good with bench mark solutions.
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Boundary layer behavior of an incompressible ﬂuid ﬂow over a
stretching surface has many industrial applications. In partic-
ular, the problem of boundary layer ﬂow along with heat
and mass transfer is very much important in polymerprocessing and electro chemistry. In recent years, several
researchers have investigated the heat and mass transfer
problem with various physical effects [1–11] because of its
applications in engineering ﬁeld. For example, radiative heat
and mass transfer ﬂow is very important in industries for the
design of reliable equipment, gas turbines, nuclear power
plants and various propulsion devices for missiles, aircraft,
space vehicles and satellites.
Magnetohydrodynamic boundary layer ﬂow is of consider-
able interest due to its wide usage in industrial technology and
geothermal application, high temperature plasmas applicable
to nuclear fusion energy conversion, MHD power generation
systems and liquid metal ﬂuids. Due to its wide range of
Nomenclature
B0 magnetic ﬁeld strength
C mass concentration
Cf local skin friction coefﬁcient
cp speciﬁc heat of constant pressure
D molecular diffusivity
Ec Eckert number
k thermal conductivity
k mean absorption coefﬁcient
L slip parameter
l the characteristic length
Mn magnetic parameter
N radiation parameter
Pr Prandtl number
qr Rosseland approximation
Re1=2x Reynolds number
T local temperature of the ﬂuid
Tw temperature of the sheet
T1 temperature of the ﬂuid far away from the sheet
u; v velocity component in x and y direction
x; y coordinates along and perpendicular to the sheet
Greek symbols
h dimensionless temperature
/ dimensionless concentration
g dimensionless space variable
# the kinematic viscosity
q density
r electric conductivity
sw wall shearing stress
r0 Stefan–Boltzmann constant
y 
x 
v
u
uw = a x B0
Momentum boundary layer 
Thermal boundary layer 
Concentration boundary layer 
Figure 1 A sketch of the physical model.
792 M. Kayalvizhi et al.applications, the following researchers have investigated the
magnetic ﬁeld effect on the ﬂuid ﬂow problems [12–16].
Slip ﬂow boundary condition assumption is very important
in some physical situations involving foams, suspensions and
polymer solutions. The above mentioned investigations are
involved no-slip boundary condition. The heat and mass trans-
fer of MHD slip ﬂow of viscous ﬂuid over a stretching surface
problem has been analyzed analytically in the absence of mass
ﬂux [17]. Recently, we investigated the slip ﬂow over porous
stretching surface with MHD and wall mass transfer
(suction/blowing) effects [18]. Hence, in the present work, we
have performed an analytical and numerical investigations
on the heat and mass ﬂuxes of MHD ﬂow of a viscous incom-
pressible ﬂuid ﬂow over a stretching surface in the presence of
viscous dissipation, Ohmic dissipation and thermal radiation
with slip boundary condition.
2. Mathematical formulation
We consider a steady state, two-dimensional laminar slip ﬂow
of an incompressible viscous ﬂuid over a stretching sheet with
the surface temperature Tw and concentration Cw. Let T1 and
C1 are the ambient temperature and concentration respec-
tively. The stretching velocity of the sheet is assumed as
uw ¼ ax, where a is a constant. The ﬂow is subjected to the
combined effects of transverse magnetic ﬁeld of strength B0,
viscous dissipation, Ohmic dissipation and thermal radiation.
The induced magnetic ﬁeld is neglected for a small magnetic
Reynolds number. The ﬂow is assumed to be in the
x-direction, which is chosen along the sheet and the y-axis per-
pendicular to it. Let u and v are the ﬂuid tangential velocity
and normal velocity, respectively (see Fig. 1).
The continuity, momentum, energy and concentration
equations governing such type of ﬂow are written as
@u
@x
þ @v
@y
¼ 0; ð1Þ
u
@u
@x
þ v @u
@y
¼ # @
2u
@y2
 rB
2
0u
q
; ð2Þu
@T
@x
þ v @T
@y
¼ k
qcp
@2T
@y2
þ l
qcp
@u
@y
 2
 1
qcp
@qr
@y
þ rB
2
0u
2
qcp
; ð3Þ
u
@C
@x
þ v @C
@y
¼ D @
2C
@y2
: ð4Þ
where # is the kinematic viscosity, q is the density, r is the
electrical conductivity, B0 is the uniform magnetic ﬁeld in the
y-direction, k is the thermal conductivity, T is the temperature,
cp is the speciﬁc heat of constant pressure, D is the molecular
diffusivity and C is the mass concentration of the species of
the ﬂow.
We assume the Rosseland approximation [18] for radiative
heat ﬂux, which leads to
qr ¼ 
4r0
3k
@T4
@y
: ð5Þ
where r0 is the Stefan–Boltzmann constant and k is the mean
absorption coefﬁcient. Further, we assume that the tempera-
ture difference within the ﬂow is such that T4 may be expanded
in a Taylor series. Hence expanding T4 about T1 and neglect-
ing higher order terms we get
T4 ﬃ 4T31T 3T41: ð6Þ
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ventional similarity transformations and dimensionless vari-
ables g and fðgÞ
u ¼ axfgðgÞ; v ¼ ða#Þ
1
2fðgÞ; g ¼ a
#
 1
2
y: ð7Þ
The boundary conditions of Eqs. (2)–(4) are as follows
u ¼ axþ l @u
@y
; v ¼ vw at y ¼ 0
 k @T
@y
¼ qw ¼ E1
x
l
 2
ðheat fluxÞ at y ¼ 0
D @C
@y
¼ hw ¼ E2 x
l
 2
ðmass fluxÞ at y ¼ 0
u! 0; T! T1; C! C1 as y!1
ð8Þ
where E1 and E2 are constants and l is the characteristic length.
We now deﬁne a dimensionless, scaled temperature h gð Þ and
/ðgÞ are
h gð Þ ¼ T T1
Tw  T1 ; /ðgÞ ¼
C C1
Cw  C1 ð9Þ
Under the above assumptions, the governing momentum,
energy and concentration equations can be expressed in non-
dimensional form as
fggg þ ffgg  f2g Mnfg ¼ 0; ð10Þ
3Nþ 4
3N
 
hgg þ Prfhg  2Prfghþ PrEcðf2gg þMnf2gÞ ¼ 0; ð11Þ
/gg þ Scðf/g  2fg/Þ ¼ 0: ð12Þ
The corresponding non-dimensional velocity slip, heat ﬂux and
mass ﬂux boundary conditions are
fð0Þ ¼ 0; fgð0Þ ¼ 1þ Lfggð0Þ and fgð1Þ ¼ 0; ð13Þ
hgð0Þ ¼ 1 and hð1Þ ¼ 0; ð14Þ
/gð0Þ ¼ 1 and /ð1Þ ¼ 0: ð15Þ
where the subscript g denotes differentiation with respect to
g;Mn ¼ rB20qa is the magnetic parameter, L ¼ l
ﬃﬃ
a
#
p
is the slip
parameter, Pr ¼ lcp
k
is the Prandtl number, Ec ¼ u2w
cpðTwT1Þ is
the Eckert number, N ¼ kk
4r0T31
is the radiation parameter and
Sc ¼ #
D
is the Schmidt number.
2.1. Solution of the ﬂow ﬁeld
The solution of Eq. (10) subject to boundary conditions in Eq.
(13) can be found in the form,
fðgÞ ¼ X 1 e
ag
a
 
ð16Þ
where X ¼ 1
Laþ1, a ¼  13L
  2ð Þ13a1
3L a2þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4a3
1
þa2
2
pð Þ13
þ a2þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4a3
1
þa2
2
pð Þ13
2ð Þ133L
,
a1 ¼ 3MnL2  1 and a2 ¼ L2 27þ 18Mnð Þ  2.
The wall shearing stress on the surface of the stretching
sheet is given by
sw ¼ # @u
@y
 	 

y¼0
: ð17Þ
The local skin-friction coefﬁcient or the frictional drag is given
byCf ¼ sw1
2
qu2w
¼ 2Re1=2x fgg 0ð Þ: ð18Þ
where Rex ¼ xuw# is the Reynolds number.2.2. Solution of the heat ﬂux
The analytic solution of Eq. (11) subject to the boundary con-
ditions in Eq. (14) is obtained in terms of hypergeometric func-
tion as
hðgÞ ¼ c2ea
a0þb0
2
 
gM
a0 þ b0  4
2
; 1þ b0;Pra2x Xe
ag
 
þ c1e2ag: ð19Þ
where x ¼ 3Nþ4
3N
 
, a0 ¼ b0 ¼ Pr Xxa2 ; c1 ¼ EcPrX
2
xa2ð42a0Þ ða2 þMnÞ
and
c2 ¼ 1þ 2ac1a a0þb0
2
 
M a0þb04
2
;1þ b0;PrXxa2
 þ a0þb04
2 1þb0ð Þ
PrX
xa
 
M a0þb02
2
;2þ b0;PrXxa2
  :
The non-dimensional wall temperature derived from (19) read
as:
hð0Þ ¼ c2M a0 þ b0  4
2
; 1þ b0;PrXxa2
 
þ c1: ð20Þ
The expression for wall temperature in dimensional form is:
Tw ¼ T1 þ qw
k
ﬃﬃﬃ
#
a
r
hð0Þ: ð21Þ2.3. Solution of the mass ﬂux
The solution of Eq. (12), subject to boundary conditions in Eq.
(15) can be obtained in terms of hypergeometric function as
/ðgÞ ¼ c3ea
a0þb0
2
 
gM
a0 þ b0  4
2
; 1þ b0;Sca2 Xe
ag
 
: ð22Þ
where
c3 ¼ 1
a a0þb0
2
 
M
a0þb04
2
;1þb0 ;ScXa2
 
þa0þb04
2 1þb0ð Þ
ScX
að ÞM a0þb022 ;2þb0;ScXa2
 .
The non-dimensional wall concentration derived from Eq.
(22) read as:
/ð0Þ ¼ c3M a0 þ b0  4
2
; 1þ b0;Sca2 X
 
: ð23Þ
The expression for wall concentration in dimensional form is:
Cw ¼ C1 þ hw
D
ﬃﬃﬃ
#
a
r
/ð0Þ: ð24Þ3. Numerical solution
The non-linear ordinary differential Eqs. (10)–(12) along with
the boundary conditions (13)–(15) form a two point boundary
value problem and are solved using shooting iteration tech-
nique together with fourth order Runge–Kutta integration
scheme by converting it into an initial value problem. In this
method we have to choose a suitable ﬁnite value of g!1,
say g1. We set following ﬁrst order system:
L = 0.2, 0.3, 0.4, 0.5
-0.25
-0.5
-0.75
-1
-1.25
fƞƞ (0)
794 M. Kayalvizhi et al.y01 ¼ y2; y02 ¼ y3; y03 ¼ y22 þMn y2  y1y3;
y04 ¼ y5; y05 ¼
1
x
2 Pr y2 y4  Pr y1 y5  PrEcðy23 þMny22Þ
 
;
y06 ¼ y7; y07 ¼ Sc 2y2y6  y1y7ð Þ:
ð25Þ
with the boundary conditions
y1ð0Þ ¼ 0; y2ð0Þ ¼ 1þ Ly3ð0Þ;
y5ð0Þ ¼ 1 ðheat fluxÞ and y7ð0Þ ¼ 1 ðmass fluxÞ:
ð26Þ
To solve (25) with (26) as an initial value problem we must
need the values for y3ð0Þ i.e. fggð0Þ; y4ð0Þ i.e. hð0Þ and y6ð0Þ
i.e. /ð0Þ but no such values are given. The initial guess values
for fggð0Þ; hð0Þ and /ð0Þ are chosen and the fourth order
Runge–Kutta integration scheme is applied to obtain the solu-
tion. Then we compare the calculated values of fgð0Þ; hð0Þ and
/ð0Þ at g1 with the given boundary conditions
fgðg1Þ ¼ 0; hðg1Þ ¼ 0 and /ðg1Þ ¼ 0 and adjust the values
of fggð0Þ; hð0Þ and /ð0Þ using shooting iteration technique to
give better approximation for the solution. The process is
repeated until we get the results correct up to the desired accu-
racy of 108 level, which fulﬁlls the convergence criterion.Table 1 Comparison of H(0) (absence of L, Ec and N).
Parameter Turkyilmazoglu
[17]
Present
H(0)
Analytical Numerical
Mn= 0 and
Pr= 1
0.750000 0.75000000 0.75000000
Mn= 1 and
Pr= 1
0.822522 0.82252217 0.82252217
0.5 1 1.5 2 2.5 3
1
2
1.5
0.5
Analytical (Ө (0)) 
Analytical (ϕ (0)) 
Numerical 
Ө(0)
&
(0)
L 
Figure 2 Comparison of the present analytical and numerical
results with N= 0.5, Pr= 5, Mn= 1, Ec= 0.3 and Sc= 3.4. Results and discussion
To provide a clear insight of the present problem, the skin fric-
tion coefﬁcient, non-dimensional wall temperature, concentra-
tion proﬁle and non-dimensional wall concentration are
discussed for various physical parameters graphically. In order
to verify the present results, we have compared our non-
dimensional wall temperature results with those of
Turkyilmazoglu [17] in the absence of slip parameter (L),
Eckert number ðEcÞ and the radiation parameter ðNÞ; which
is given in Table 1 and the comparisons are found to be good.1 2 3 4 5 
-1.5
-1.75
Mn 
Figure 3 Effects of slip and magnetic parameters on skin friction
(fgg(0)).
0.5 1 1.5 2 
  Pr=5,  Ec= 1.5, 2.0, 2.5 
  Ec=0.7,  Pr = 6.0, 7.0, 8.0 
3
2.5
2
1.5
1
0.5
Ө(0) 
L 
Figure 4(a) Effects of slip parameter, Eckert number and
Prandtl number on H(0) with N= 0.5 and Mn= 1.
1 2 3 4 5 
 N=0.5,  Mn= 1.2, 1.4, 1.6 
  Mn=1, N= 1.0, 1.5, 2.0 
0.5 
1
1.5 
2
2.5 
3
Ө(0) 
L 
Figure 4(b) Effects of slip parameter, magnetic parameter and
radiation parameter on H(0) with Ec= 0.7 and Pr= 5.
1 2 3 4 5 6 7 8 
Sc = 6.0, 8.0, 10.0 
L = 2.0, 2.5, 3.0 
Mn = 3.0, 4.0, 5.0 
L -  variation 
Mn - variation 
Sc - variation  
1
0.8
0.6
0.4
0.2
ƞ
ϕ (ƞ)
Figure 5 Effects of slip parameter, magnetic parameter and
Schmidt number on / (g) with L= 0.5, Mn= 2 and Sc= 5.
1 2 3 4 5
1 
 Mn=1,  Sc= 3.0, 3.5, 4.0 
 Sc=6,  Mn= 0.5, 1.0, 1.5 
2
1.5
0.5
L
ϕ (0)
Figure 6 Effects of slip parameter, magnetic parameter and
Schmidt number on / (0).
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non-dimensional wall temperature ðhð0ÞÞ and non-
dimensional wall concentration ð/ð0ÞÞ is presented in Fig. 2.
An excellent agreement has been observed between the present
analytical and numerical results from this ﬁgure. Fig. 3 shows
the combined effects of slip parameter and the magnetic
parameter on the skin friction coefﬁcient (fggð0Þ). It is clear
that fggð0Þ increases as slip parameter increases and decreases
as magnetic parameter increases.
Fig. 4(a) demonstrates the combined effects of Prandtl
number (Pr), Eckert number (Ec) with slip parameter (L) on
the non-dimensional wall temperature. It is seen that hð0Þ
increases as Eckert number increases and it decreases asPrandtl number increases. The combined effects of slip param-
eter with Eckert number show a signiﬁcant effect on hð0Þ. The
non-dimensional wall temperature decreases for small values
of L and increases after a certain range of slip parameter.
Fig. 4(b) illustrates the combined effects of slip parameter,
magnetic parameter and radiation parameter on hð0Þ. It is
observed that the non-dimensional wall temperature increases
as magnetic parameter increases and decreases as radiation
parameter increases.
Fig. 5 exhibits the combined effects of magnetic parameter
(Mn), slip parameter (L) and Schmidt number (Sc) on the
dimensionless concentration proﬁle. It is clear that the concen-
tration proﬁle increases as L and Mn increases but it decreases
as Sc increases. This is due to the fact that the concentration
boundary layer thickness decreases with Schmidt number
and it increases with the magnetic and slip parameters.
Fig. 6 reveals the combined effects of Schmidt number, mag-
netic parameter and slip parameter on the non-dimensional
wall concentration (/ð0Þ). It is seen that /ð0Þ increases as
L and Mn increases and it decreases as Sc increases.
5. Conclusion
Heat and mass ﬂuxes of hydromagnetic ﬂow of an incompress-
ible viscous ﬂuid ﬂow over a stretching sheet in the presence of
viscous dissipation, Ohmic dissipation and thermal radiation
with velocity slip boundary condition is investigated both ana-
lytically and numerically. Some of the important ﬁndings
drawn from the present investigation are as follows:
 The skin friction coefﬁcient decreases in the presence of
magnetic ﬁeld and increases in the presence of slip bound-
ary condition.
 The non-dimensional wall temperature increases with
Eckert number and magnetic parameter and decreases with
Prandtl number and radiation parameter.
796 M. Kayalvizhi et al. The non-dimensional wall temperature decreases with small
values of slip parameter and it increases for higher values of
slip parameter in the presence of viscous dissipation.
 The concentration boundary layer thickness increases with
slip and magnetic parameters and decreases with Schmidt
number. The non-dimensional wall concentration increases
with slip and magnetic parameters and decreases with
Schmidt number.
 The velocity slip boundary condition controls the ﬂow
region.
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